

Topic 1:  Groups:  Summary Information
DEFINITION OF A GROUP
A group consists of a set G of elements together with a binary operation (which might generally be written as *).  For (G, *) to be a group, the following four conditions must be met:

1)  G must be closed under the operation *.  This means that if a and b are any elements of G, then 

a * b must also be an element of G.

2)  G must contain an identity element, e, such that a * e = e * a = a for all elements a in G.

3)  Each element in G must have an inverse element (which is also in G), i.e. if 
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4)  The operation must be associative, meaning that if a, b, and c are any elements in G, then 
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ORDER OF A GROUP

A group can be either finite or infinite depending upon whether G contains a finite number of elements or not. If G has a finite number of elements, then the order of the group is the number of elements in G.
COMMUTATIVE GROUPS

A group is called commutative if 
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 for all a and b in G.

SHORTHAND GROUP NOTATION
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Using this notation, we have 
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ORDER OF AN ELEMENT

The order of an element a is n if 
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KEY RESULT
For a finite group, the order of an element must be a factor of the order of the group.

GENERATORS

Suppose that a is an element of G.  The set generated by a, written <a> is the set 
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Sometimes we can find an element a that generates the entire group, i.e. 
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 = G.  If this is the case then the group is called cyclic.

SUBGROUPS

Suppose that (G, *) is a group.  Let H be a subset of G, i.e. all the elements of H are also contained in G.  (H, *) is called a subgroup of (G, *) if (H, *) is a group in its own right.

To check that (H, *) is a subgroup, it suffices to show that:
1)  H is closed under operation *, so that if a and b are in H so is a * b.

2)  The identity element is in H.

3)  If a is in H, then so is its inverse, 
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KEY RESULT

Suppose that (G, *) is a group.  Let a be any element in G.  Then the set of elements generated by a is a subgroup of G.

LAGRANGE’S THEOREM

For finite groups, the order of a subgroup must be a factor of the order of the whole group.

ISOMORPHIC GROUPS
A group (G, *) is isomorphic to a second group (K, o) if you can find a mapping f taking elements of G to elements of K, such that, for all a and b in G: 
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Note:
In order to show that two groups G and K are isomorphic, you need to pair each element in G with an element in K.  This isomorphism must pair elements together with the same order.

In order to show that two groups are not isomorphic, it usually suffices to show that the two groups have elements of different orders.
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